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Abstrat
The interation between spherial magneti nanopartiles is investigated from miromagneti
simulations and ananlysed in terms of the leading dipolar interation energy between magneti
dipoles. We fous mainly on the ase where the partiles present a vortex struture. In a rst step
the loal magneti struture in the isolated partile is revisited. For partiles bearing a uniaxial
magnetorystaline anisotropy, it is shown that the vortex ore orientation relative to the easy axis
depends on both the partile size and the anisotropy onstant. When the partiles magnetization
present a vortex struture, it is shown that the polarization of the partiles by the dipolar eld of
the other one must be taken into aount in the interation. An analyti form is dedued for the
interation whih involves the vortex ore magnetization and the magneti suseptibility whih are
obtained from the magneti properties of the isolated partile.
∗
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1 Introdution
With the inreasing progress in the synthethis of magneti objets of nanometri sale suh as spherial
nanopartiles, nanodots, nanorings or layered lms the diversity of systems made of suh nano-objets
as building bloks either as 2D or 3D assemblies in non magneti environment [14℄ or in olloidal
suspensions as ferrouids [5,6℄ is ontinously growing. The magneti behavior of magneti nanometri
partiles either isolated or in nanostrutured bulk materials is now quite well undertood both from
experiments or numerial alulations [1,3,7℄ but a preise knowledge of interpartiles interations and
of their inuene on the maroopi properties is still needed. Indeed, the interpartile oupling has
been investigated in a variety of systems, suh as nanograins [812℄ nanorings [1315℄ or ylindrial
nanodots [1619℄ with a predominant attention paid on short range eets, suh as exhange oupling,
or on the inuene of the oupling between single domain partiles on the global magneti properties.
Conversely the long ranged interation still deserves attention espeially in ases where the magneti
struture of the isolated partile is omplex (vortex [2024℄ or onion [25,26℄ states for examples). A lot of
work remains to be done on this point espeially for spherial partiles; in partiular it seems important
to develop models inluding the long ranged and anisotropi dipolar interation. In the simple ase of
single domain partiles the leading term in the interation is the long range dipolar interation whih
may lead to omplex strutures aording to the shape of the partiles on the one hand and the density
and the dimensionality of the whole sytstem on the other hand [2730℄. In the ase of partiles with
a non trivial internal magneti struture, the interation between partiles is to be determined rst.
Indeed, it is generally admitted that when partiles present a vortex struture, the resulting strong
redution of the magneti moment at zero external eld makes the dipolar interation negligible. One
aim of this work is to examine this point more preisely. In this work we fous on the interation
between spherial partiles made of soft magneti material (permalloy as an example) when they reah
the vortex regime. We onsider the simple situation of only two approahing spheres in a dumbell
onguration. We espeially ompare the aulated interation to the expeted dipolar term. It is
shown that two parameters haraterizing the isolated partile play a entral role: the magnetization
of the vortex ore and the sueptibility from whih the polarization energy of one sphere in the dipolar
eld due the seond one is alulated.
2 Magnetization struture and hysteresis
Sine our purpose is to model soft magneti partiles in a general way rather than to fous on partiles
of a given material, the magneti harateristis are somewhat arbitrary and orrespond roughly to
permalloy: the value of the exhange onstant is Ax = 1.10
−11J/m, the saturation magnetization
Js = 1T and the anisotropy is of uniaxial symmetry with a onstant K1 ranging from K1 = 0 to
K1 = 7.10
4J/m3. The partile radius is varied from R = 10 nm to 45 nm. In the following the partile
volume will be denoted by vs. We determine the magnetization struture in the framework of the
2
miromagnetism formalism from the minimization of the total energy whih is given by
Etot = Ex + Ea + Edm + EZ
=
∫
Ω
[
AxΣi(∇mi(~r))
2 +K1(1− (~m(~r).aˆ)
2)−
1
2
µ0Ms ~m(~r). ~Hdem − µ0Ms ~Hex.~m(~r)
]
d~r (1)
where Ex, Ea, Edm and EZ are the exhange, anisotropy, demagnetizing and Zeeman terms respetively,
aˆ is the unit vetor in the diretion of the easy axis and Ω is the total volume of magneti material, wih
an inlude more than one partile. ~m(~r) is the redued magnetization density, related to the total
magnetization by Mt =
∫
ΩMs ~m(~r)d~r. The alulations are performed with the miromagneti ode
MAGPAR [31℄ whih is based upon a nite element method. The problem inludes two length sales,
namely the exhange length, lex = (2µ0Ax/J
2
s )
1/2
and the Bloh wall length lB =
√
Ax/K1. Here,
given the parameters hosen we have lex = 5.013nm and lB > 12nm. The value of the dimensionless
parameter, K = 2K1/(µ0M
2
s ) as dened in [20℄ ranges in between 0 and 0.175. The mesh used in
the alulations is suh that the largest tetaedron size is smaller than lex whih imposes typially a
mesh with Nfe ∼ 10
5
elements for one sphere of radius R ≃ 40 nm. We rst alulate the magneti
struture of one isolated sphere in terms of both the size and the anisotropy onstant K1. In order
to haraterize the magneti state in the partile, we onsider the loal magnetization prole, ~m(r),
whih in the vortex regime, is deomposed in its ylindrial omponents using the vortex axis, say vˆ,
as the ylindrial axis
~m(r) = mv vˆ +mϕϕˆ+mρρˆ (2)
where ρˆ and ϕˆ are the radial and tangential unit vetors of the projetion of r in the plane normal to
vˆ. In the following, hatted letters denote unit vetors. The axis vˆ is dened and atually determined
as the mean diretion of the loal magnetization in the entral part of the vortex, as shown in gure
(1). In a rst step we fous on the behavior of the magnetization M in terms of the external eld,
Hex, espeially for the variation of the eld from small values up to saturation eld; however we do
not fous on the nuleation eld. First of all, as is well known, small partiles up to a threshold value,
RSD, are uniformly magnetized in a single magneti domain and the hysteresis urve is a square. With
our set of parameters, we get RSD = 18 nm, for K1 = 0 and 22 nm for K1 = 3 10
4 J/m3, in agreement
with the result of the miromagneti alulations of [32℄ and with the estimation given in [20℄. Then
a vortex struture is obtained, haraterized by a vanishing value of the radial omponent mρ(r), and
|mϕ(ρ)| varying from |mϕ(ρ)| = 0 inside the vortex ore, ρ < rc, to |mϕ(ρ)| = 1 in the viinity of the
partile surfae ρ ∼ ρmax = Rsin(θ(z)). At zero external eld, the vortex diretion, vˆ is arbitrary
when K1 = 0, while for K1 6= 0, the diretion taken by vˆ relative to the easy axis aˆ is ontrolled by
the anisotropy energy whih tends to allign ~m(~r) on aˆ. The anisotropy energy depends on both the
value of K1 and the volume fration of the partile where mˆ(~r) is oriented parallel or antiparallel to
aˆ (|mˆ.aˆ| ≃ 1). The ratio of the volume fration orresponding to the vortex ore vc, haraterized by
mˆ oriented parallel to vˆ, to the volume fration where ~m(~r) is oriented normal to vˆ is diretly related
to the volume of the partile, vs. Roughly speaking the ratio of the total volume where |mˆ.aˆ| ≃ 1 is
3
either vc/vs or (1/2)(vs − vc)/vs if vˆ is parallel or normal to aˆ respetively. Aording to this sheme
the stability ondition for the vortex diretion vˆ to be normal to aˆ reads vc < (1/3)vs. We an rene
this very rude determination of the thershold by introduing the magnetization prole and imposing
in (2) mρ = 0. Then mϕ =
√
1−m2v and we get
E//a = −K1
∫ R
−R
dz
∫ R(z)
0
mv(ρ)
22πρdρ
E⊥a = −K1
∫ R
−R
dz
∫ R(z)
0
1
2
(1−mv(ρ)
2)2πρdρ (3)
for vˆ parallel or normal to aˆ respetively. Then we assume that the omponent mv(ρ) depends on ρ
only through r∗ = ρ/rsc, rsc being the pertinent saling length (either lex for K1 = 0 or a funtion
of both lex and lB otherwise) and we neglet its dependene with respet to z. Hene, exploiting
mv(ρ > rc) = 0, we set the upper bound in the integral over mv to ∞ and we write (E
⊥
a −E
//
a ) in the
form
E⊥a − E
//
a = −K1
(
1
2
vs − 3Rr
2
scI
)
with I =
∫ ∞
0
mv(r
∗)22πr∗dr∗ (4)
The stability ondition for a vortex normal to aˆ is now
R
rsc
>
√
9I
2π
(5)
whih must be read as R > rsc
√
9I/(2π) = Rth(K1) when R is varied at onstant K1, or onversely
as rsc < R
√
2π/(9I) when the role of the magneti harateristis is investigated for a given partile
size. Equation (5) an be rewritten in a more onvenient form for the pratial alulatioJ/m3ns of
I, namely : S∗ =
√
9I∗(rsc)/(2π) < 1 where I
∗
is given by (4) with r∗ replaed by (r/R) and the
upper bound replaed by (r/R)max = 1. Of ourse I
∗
is then dependent on the value of rsc whih is
emphasized by the notation I∗(rsc). In any ase, suh an estimation is not supposed to provide an
aurate determination of the threshold value of either R or rsc for the orientation of vˆ normal to aˆ
but to predit at a qualitative level the eet of either the partile size or the magneti parameters
on the diretion taken by the vortex. We an sale the vortex radius, rc on the smallest of the two
harateristi lengths, rsc = inf(lex, lB); however, this saling may be taken with are and instead we
an onsider, when lB inreases, a saling radius in the form of a funtion rsc(lex, lB). Notie that when
using S∗ instead of S one has not to expliit the dependene of rsc. Therefore, at both Ax and Js kept
onstant, we dedue from equ. (5) that vˆ gets ⊥ aˆ when the sphere radius is inreased at K1 onstant
or when K1 is inreased at R onstant. As we shall see in the following the stability ondition for the
orientation of vˆ relative to aˆ agrees with this qualitative onlusion. Notie that the orientation of the
vortex relative to the axis of easy magnetization is also found to be size dependent in the ase of the
ubi anisotropy [32℄ : in this latter ase, the vortex is parallel to the axis of easy magnetization in
large spheres.
The orientation of the vortex relative to aˆ an be determined from the magnetization prole, mˆ(~r)
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as well as from the magnetization urve in terms of the external eld, M(Hex) by hosing the diretion
of the external eld, hˆex either parallel or normal to aˆ. Indeed, we expet the magnetization proess
to dier aording to the diretion of the external eld relative to the vortex one. We keep in mind the
well known behavior of the vortex in the at ylindrial nanodots where the magnetization is found
to result from the shift of the vortex ore when the eld is applied normal to the vortex diretion.
Here, in the ase of vˆ(Hex = 0) ⊥ aˆ we expet a similar behavior for small values of the external
eld when hˆex = aˆ, up to the rotation of the vortex ore along the diretion of the eld for high
values of Hex before the magnetization in the whole volume of the sphere beomes oriented along hˆex.
Morever, in this ase, we expet to have no remanene in the diretion of the eld, sine in the viinity
of Hex = 0 there is no net magnetization normal to the vortex diretion. On the other hand a non
vanishing magnetization at Hex = 0, orresponding to the vortex polarization in the diretion vˆ ⊥ aˆ =
hˆex will be obtained. Conversely, the magnetization urve orresponding to hˆex ⊥ aˆ still for a sphere
haraterized by vˆ(Hex = 0) ⊥ aˆ will present the more usual shape of a loop loated in between ±Hc
with a non zero remanene orresponding to the vortex polarization.
Then we fous on the external eld indued magnetization in the spherial partile. As is generally
obtained in nanodots or spherial soft magneti partiles [33, 35, 36℄, the magnetization M in the
diretion of the external eld is found to vary nearly linearly with respet to the eld, at least in the
viinity of Hex = 0 and of ourse away from swithing points where the vortex reverses as a whole.
Suh a linear behavior is observed both when hˆex = vˆ or hˆex ⊥ vˆ. (or equivalently hˆex ⊥ aˆ or hˆex = aˆ
when R > Rth(K1)). This means that the suseptibility χ dened as
∂M
∂Hex
= χ (6)
does not depend on the value of the eld to a very good approximation. We emphasize that the
sueptibility is well dened for partiles in the vortex regime sine no multidomain state ours and
therefore a demagnetized state at Hex = 0 an be ruled out. Notie that the value of χ depends on the
diretion of the eld as will be disussed below, and we should distinguish χ‖ from χ⊥ aording to
the diretion of the eld relative to vˆ. When suh a distintion is not neessary it will be omitted to
lighten the notations and χ is to be understood as its value orresponding to the orientation hosen for
the eld. Only in the ase of an external eld diretion hˆex neither parallel nor normal to the vortex
diretion the onsideration of the two values of χ is neessary. The independene of χ with respet to
Hex an be exploited for obtaining the variation of the total energy with respet to the external eld.
We onsider the variation of M starting from Hex = 0 to a value of Hex suh that no swithing of
the magnetization ours up to Hex and we analyse the orresponding variation of the magnetization,
∆M as the polarization of the sphere indued by the eld. We have ∆M(Hex) = χHex. On the other
hand, we an dedue ∆M(Hex) from the energy, E(Hex) by writting an equilibrium equation
∂Etot(∆M)
∂∆M
= 0 (7)
whih determine the equilibrium value of ∆M . The total energy depends expliitly on Hex through
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the Zeeman term, −µ0Hex(m(0)vˆ.hˆex +∆M), where we have expressed the permanent magnetization
in the absene of the eld as
~M(Hex = 0) = m(0)vˆ, m(0) being the magnitude of the vortex ore
magnetization in the absene of the eld. Then from (7) we get
∂
∂∆M
(Edm + Ex + Ea) = µ0Hex (8)
Therefore we get the variation of the total energy in the form
E = E(Hex = 0) +
∫ ∆M
0
µ0Hex(∆M
′)d∆M ′ − µ0Hex(m(0)vˆ.hˆex +∆M) (9)
= E(Hex = 0) + µ0
∆M2
2χ
− µ0Hex(m(0)vˆ.hˆex +∆M) (10)
where we have used ∆M(Hex) = χHex. Notie that both (8) and (9) are exat equations while (10)
holds only in the ase of a linear dependene of ∆M(Hex) with respet to Hex. The seond term of
the r.h.s. of (9) or (10) has a simple interpretation: it is the energy of polarization of the sphere and
orresponds to the energy ost of the reorientation of the magnetization inside the sphere. Equ. (10) is
to be ompared to the expression of the energy density of an array of oupled dots presenting a vortex
struture obtained in [34℄; more preisely the polarization energy oinides with the seond term of
equ.(5) of Ref. [34℄ where the indued magnetization in the dot is related to the vortex shift, s. The
polarization energy an be written equivalently as µ0(∆MHex)/2 where ∆M is to be understood as
the indued moment due to the external eld. Finaly, χ an be related to the variation of the energy
minus the Zeeman term
χ =
1
µ0Hex
∂(Etot − EZ)
∂Hex
(11)
3 Interation energy between magneti spheres
Now we fous on the determination of the interation energy between two magneti nanopartiles in
terms of the interpartile distane, r12. The interation energy is dened in a usual way
Eint(1, 2) = Etot(1, 2) − Etot(r12 →∞) (12)
where Etot denotes the total energy of the two partiles system, and (1, 2) is a short notation for the
orientation and loation variables of the partiles when they are brought together. We expet to get
a form ditated by the dipolar interation between the magneti moment of the approahing spheres
whih reads
Edip =
µ0m1m2
4πr312
d112(mˆ1, mˆ2, rˆ12) (13)
d112(mˆ1, mˆ2, rˆ12) = mˆ1.mˆ2 − 3(mˆ1.rˆ12)(mˆ2.rˆ12) (14)
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where mi are the magnitude of the magneti moments, mˆi and rˆ12 the unit vetors in the diretion of
both moments and of the vetor joigning the two partiles and d112 is the angular funtion harateristi
of the dipolar interation. In the ase of single domain partiles mi =Msvs where Ms is the saturation
magnetization of the partiles, and the orientations mˆi result from the minimum of d112 given in (14).
For partiles without magnetoristalline anisotropy, this gives obviously : mˆ1 = mˆ2 = rˆ12 and d112 =
-2. On the other hand, if the magnetoristalline energy is non zero on both partiles with easy axes aˆi,
the orientations mˆi will result of the interplay between the anisotropy energy tending to align mˆi on
aˆi and the energy (13) tending to minimize the angular funtion (14). Furthermore if K1 takes a non
vanishing value only in one partile say i = 1 and if this value is large enough to impose mˆ1 = aˆ1, mˆ2
must orient in the dipolar eld due to partile 1 i.e. in suh a way that d112 = mˆ2.aˆ1−3(mˆ2.rˆ12)(aˆ1.rˆ12)
is minimum.
Now we onsider the ase of partiles large enough to present a vortex struture. In this ase, the
orientations of the eetive moments of the partiles are the vortex diretions, vˆi, and the values of
the moments are no more equal to Msvs but orrespond to the vortex ores magnetizations and an
be obtained from the magnetization urves M(Hex). Let us introdue the oeients αi = mi/(Msvs)
(in the following, we shall only onsider the ase of idential partiles, so we drop the index i). α
depends of ourse on the loation of the seond partile, whih will be denoted in short by α(r12, d112)
or α(1, 2). The value taken by α is not trivial sine on the one hand it must be determined from the
harateristis of the isolated partile and from the polarization of the partile by the dipolar eld of
the seond one. A simple approximation for the interation energy an be built in the framework of the
dipolar approximation by onsidering that eah partile is in the dipolar eld of the other one. Then,
we have to take into aount two ontributions. The rst one whih orresponds to (13), is nothing
but −m1Hdip(r12)(vˆ1.hˆdip(2, 1)) where Hdip(r12)hˆdip(2, 1) is the dipolar eld reated at r1 by partile
at r2 and the seond one is twie the polarization energy of eah sphere in the eld of the seond one.
The seond ontribution has been introdued in (10) for one partile in a onstant external eld. In
the present ase, the role of m(o) is played by Msvsα(∞) while the indued moment in the diretion
of the dipolar eld is
~p = phˆdip = χHdip(r12)hˆdip (15)
We rst onsider the ase where the vortex vˆi is free to orient in the diretion of the dipolar eld due
to partile j 6= i. This is the most general ase sine it orresponds to both the absene of anisotropy
or partile large enough for the vortex to be normal to the easy axis. In this ase we have
phˆdip = (α(r12, d112)− α(∞))Msvshˆdip = ∆α(r12, d112)Msvsvˆ (16)
Now adding twie the seond term of (10) to the total dipolar energy we get for the interation energy
Eint(1, 2) =
µ0(Msvs)
2
4πr312
α(∞)(α(∞) + ∆α(r12, d112))d112(mˆ1, mˆ2, rˆ12) (17)
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whih oinides with the interation energy between polar polarizable hard spheres [37℄. This is the
important result of this setion. It relates the interation energy to the magneti harateristis of the
isolated spheres, namely, α(∞) and χ through ∆α. Notie that this form for the interation energy
should hold not only in the ase of two partiles but also more generaly for an assembly of partiles.
In the latter ase, the solvation of the total dipolar eld and thus the determination of ∆α(r12, d112)
beomes a diult task. In the simple ase of two partiles, introduing u = χ/(4πR3) (= χ∗/3 where
χ∗ = χ/vs is the redued suseptibility) we get
∆α =
−uα(∞)d112
((r12/R)3 + ud112)
(18)
4 Results
We analyse rst the magneti behavior of the isolated partile with a speial attention paid on the
haraterization of the vortex struture at low external elds. The magnetization urve is displayed
in gure (2) for K1 = 0 and R = 45 nm and the orresponding magneti struture, through the
loal magneti moment omponents (2), is shown in gures 3 and 4 for the remanent state and in the
viinity of the oerive eld, before and after the reversal of the vortex ore. Sine K1 = 0, the vortex
diretion, vˆ oinides with the diretion of the external eld. These results put in evidene the vortex
struture and in partiular the vortex ore is reversed as a whole at the oerive eld, with a nearly
frozen ~m(~r) struture. Moreover, we nd that the reversal of ~m(~r) results from a global rotation sine
the omponent mϕ hanges sign. When K1 6= 0 as desribed at the qualitative level in setion (2) vˆ is
parallel to the easy diretion aˆ for small values of R, and beomes normal to aˆ beyond a K1 dependent
threshold value Rth(K1). When aˆ ⊥ vˆ, the vortex ore is free to rotate in the plane normal to aˆ and
therefore will orient parallel to the external eld if hˆex ⊥ aˆ. As an example, we show in gure (5) the
magnetization urve for the two diretions of the external eld hˆex = aˆ and hˆex ⊥ aˆ, in the ase R =
45 nm. Moreover, in the former ase, the magnetization parallel and normal to the external eld, M‖
and M⊥ are displayed. The magnetization behavior in terms of the external eld orresponds to the
situation vˆ ⊥ aˆ; indeed, the remanene vanishes when hˆex ‖ aˆ, while M⊥ takes a nearly onstant value
when Hex is varied in the entral part of the M⊥(Hex) urve. Moreover this value oinides with the
remanene obtained for hˆex ⊥ aˆ or equivalently hˆex ‖ vˆ and therefore orresponds to the vortex ore
magnetization. The independene of M⊥ with respet to Hex in the entral part of the M⊥(Hex) urve
shows that the variation of the magnetization M‖(Hex), i.e. in the diretion normal to vˆ, orresponds
to a shift of the vortex ore normal to the diretion of the eld. The vortex ore magnetization is thus
nearly onstant and given by the value of M⊥ in that part of the urve. This is in agreement with
the magnetization proess obtained in the at nanodot vortex strutures. Finally M⊥ sharply vanishes
when the vortex rotates in the diretion of the eld, where the magnetization urve M‖ whith hˆex = aˆ
presents the hystereti wings, similar also to what is found in the at nanodot ase where however
this last value of the eld orresponds to the vortex anhihilation prior to the saturation of the dot.
The behavior of M(Hex) outlined above is oroborated by the evolution with the value of the eld of
the struture of mˆ(~r), shown on gure (6), where we see that the linear variation of M‖(Hex) in the
8
entral part of the urve an be assoiated to a shift of the vortex in a diretion normal to mˆ. From
the evolution of M‖ for hˆex = aˆ with the partile size, displayed on gure (7), one an determine the
threshold value Rth(K1) beyond whih vˆ is normal to aˆ. Here we nd Rth ≃ 28 nm for K1 = 3.10
4J/m3
(stritly speaking, 26 nm ≤ Rth ≤ 30 nm). We have alulated numerially the integral I
∗(rsc) dened
after equation (4) from whih we nd that the threshold ondition (5) is satised (see table I) in
good agreement with the onset of the vortex struture dedued from the magnetization. Indeed, from
this alulation, we get S∗ = 1 for R = 26.5 nm when K1 = 3.10
4 J/m3 and thus Rth = 26.5 nm
in agreement with the value dedued from the behavior of the magnetization M(Hex). Similarly by
dereasing K1 at onstant R = 45nm, we nd that the range of external eld where the vortex is
normal to aˆ is redued and then vanishes for K1 = 2.10
3J/m3. Therefore we onrm our predition
that vˆ ⊥ aˆ for K1 > K1th(R) at onstant R. Then the value of χ is determined from the slope of the
magnetization urve, M(Hex) in terms of Hex. The results are listed in table II. We also hek that
equ. (11) is satised (see table II).
4.1 Interation beween partiles
We rst onsider the ase of monodomain partiles; for this we hose R = 10 nm. As expeted
the interation energy is exatly given by the dipolar term with mi = Msvs. When K1 = 0 for both
partiles, the energy minimization leads to d112(1, 2) = -2 and we thus mainly test the 1/r
3
12 dependene
of the interation. On the other hand, we have also onsidered the ase where only one partile bears
a non vanishing uniaxial anisotropy with a value of K1 large enough to impose the orientation of its
moment, mˆ parralel to the easy axis aˆ. Then the moment of the seond partile orient itself in the
eld of the xed partile in order to minimise the angular funtion d112. This provide an additionnal
test of the behavior of the interation through its angular dependene. The results are displayed in
table III. Now we onsider the vortex regime with partiles of radius R = 35nm or R = 45 nm. We
start from partiles without anisotropy, K1 = 0. In this ase only one value for the suseptibility, χ‖,
is to be onsidered, sine the vortex allign spontaneously in the diretion of the dipolar eld. The two
parameters involved in the expression of the interation, χ and α(∞), are determined rst from the
magnetization urve of the isolated partile. As a rst test, we look at the angular dependene of the
interation energy. To this aim we start from the two spheres at a large distane and we minimize the
total energy orresponding to non interating spheres. Then we derease the distane r12 down to a
not too small value of the ratio r12/R and we perform a rotation of one sphere, say 2, arround the
other one whih is kept xed. In this rst alulation, we just alulate the omponents of the energy
without minimization; we thus obtain the energy at a xed value of loal magneti struture in the
spheres, disregarding the polarization energy. The result is displayed in gure (8) in the ase r12/R =
4 and dierent values of the angular funtion d112 alulated by using mˆi = vˆi. We learly obtain a
linear dependene of Eint(1, 2) in terms of d112(1, 2), and moreover the proportionality fator is exatly
the result of the dipolar interation, as dedued from (13). We thus onlude that when the struture
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inside the spheres is frozen, the resulting interation energy is indeed given by the dipolar interation
between the vortex ores. Then we onsider the interation energy after relaxation of the struture in
the spheres, namely from the result of the total energy minimization in terms of the distane between
partiles. As expeted and in agreement with eq. (17) the value we get for d112(1, 2) is very lose
to d112 = -2 espeially for short distanes. The result for the interation is shown in gure (9). We
also ompare the result orresponding to the dipolar interation inluding the polarization energy or
without this las term. This later approximation amounts to model the interation by that between
the dipoles orresponding to the isolated partiles vortex ores. The approximation introdued in (17)
is in very good agreement with the alulated result, for distanes down to r12/R ∼ 2.75, and the
agreement for r12/R = 2.5 is still fairly good. Moreover we see that the inlusion of the polarization
energy is quite important; indeed, the dipolar interation alulated with the moments resulting from
the isolated partiles vortex ores reprodues the interation only for distanes larger than 3.35R.
In the ase of partiles with non zero uniaxial anisotropy, we fous on a situation where the vortex
diretion, vˆ, is normal to the easy axis at zero external eld. As an example we hoose K1 = 3.10
4J/m3
and either R = 45 nm or R = 35 nm. One an impose the plane in whih the vortex is free to rotate
via the diretion hosen for the easy axis. Here we onsider two situations where the two partiles
have the same easy axis, say aˆ = zˆ and the unit vetor joigning the partiles rˆ12 is either normal or
parallel to aˆ. Thus the equilibrium onguration of the partiles orresponds to vˆ1 = vˆ2 = rˆ12 and
d112(1, 2) = -2 in the former ase and vˆ1 = - vˆ2 ⊥ rˆ12 and d112(1, 2) = -1 in the latter ase. The
results are summarized in gure (10) where we plot the interation energy normalized by the value at
the shortest distane onsidered, r12 = 2.25R. The interation energy is still very lose to the dipolar
plus polarization energy, eq (17) when d112 = −1, while in the ase where the vorties are in line, the
agreement for short distanes is more qualitative. This is mainly due to an underestimation of the
indued polarization by the dipolar eld. We are lead to this onlusion by tting the values of the
parameters α and u in order to reprodue the alulated interation energy by equ. (17). Doing this
we an reprodue the alulated interation energy only by using a non negligible enhanement of u
while the tted value of α remains very lose to that alulated on the isolated sphere. The tted
results are also displayed in gure (10). To get a similar agreement with what is obtained in the ase
K1 = 0 with d112 = −2, the tted value of u and α are 1.25u
calc
, 1.03αcalc and 1.45ucalc, 1.05αcalc for
R = 35 nm and 45 nm respetively.
The results of this work are twofold. First we have preised the loal magneti struture in the
sphere, and shown that beyond the well doumented single domain to vortex transition in the ase
of a uniaxial anisotropy the vortex diretion is normal to the easy axis one the partile radius is
larger than a threshold value, Rth(K1) for whih a simple estimation is given. Then the interation
between partiles is shown to present a dipolar harater depending on two parameters haraterising
the isolated partile, namely the vortex ore magnetization and the sueptibility. The vortex ore mag-
netization is strongly redued when ompared to the saturation magnetization Ms whih is quantied
by the parameter α ∼ 0.2 and this makes the interation rather small but nevertheless non negligible.
The order of magnitude of the interation energy at distane r12 = 2.25R is slighltly smaller than the
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barrier neessary to reverse the vortex ore. However due to both its long range and its anisotropy the
dipolar interation is likely to lead to measurable eets in experimental assemblies of suh partiles.
On a qualitative point of view, we do think that some of the nding of [24℄ are in agreement with the
manifestation of dipolar eets, namely the tendeny to form hains and to allign the vortex ores. In
ref ( [24℄) a miromagneti simulation was already performed and was in agreement with the experi-
ments; however, here we go a step forward by learly pointing the dipolar harater of the interation
between spherial nanopartiles. This allows us to predit that in a general way the behavior of dipo-
lar and polarizable hard spheres will be transferable to assemblies of suh partiles even in the vortex
regime. In this eld, a very rih panel of strutures is expeted for both 2D systems [27℄ (and referene
therein), [28, 29℄ and 3D systems [30℄.
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Table I: Value of S∗ =
√
9I∗(rsc/(2π) involved in the stability ondition (5). K1 = 3. 10
4J/m3. I∗
is dened by equ. (4) with rsc = R.
R (nm) 26 30 37 45
S∗ 1.042 0.685 0.596 0.533
Table II: Redued magneti suseptibility alulated from (a) : equation (6); (b) equation (11).
K1 R χ
∗
‖
(a) χ∗‖
(b) χ∗⊥
(a) χ∗⊥
(b)
0 45 3.229 3.21
0 40 3.288 3.28
0 37 3.336 3.33
0 35 3.352 3.37
3.10
4
45 2.887 2.94 4.589 4.58
3.10
4
35 2.990 6.510 6.676
Table III: Angular dependene of the interation between modomain partiles. R = 10 nm; K1(1) =
7.105 J/m3 K1(2) = 0. Θ(aˆ1), Θ1 and Θ2 denote the angles (aˆ1, zˆ), (mˆ1, zˆ) and (mˆ2, zˆ) respetively.
r12 = 4R. d
(min)
112 is the minimum value of the angular funtion d112 orresponding to Θ1 xed and d
(calc)
112
is the result of the numeriaal alulation. Eint is the interation energy per unit volume. Aording
to the dipolar interation the theoretial value for Eint/d112 is 2072 J/m
3
.
Θ(aˆ1) Θ1 Θ2 d
(calc)
112 d
(min)
112 Eint/d112 (J/m
3
)
π/8 π/7.948 π/4.442 -1.2019 -1.202 2012
π/4 π/3.987 π/2.888 -1.5828 -1.584 2007
π/2 π/2 π/2 -2.0 -2.0 2004
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Figure aptions
Figure 1 Loal magnetization struture in the vortex regime. (R = 45 nm; K1 = 0; remanent state.). Top
: projetion of the loal magneti moment in the equatorial plane of the sphere, normal to vortex
axis, vˆ = ~M/‖ ~M‖. The length of the arrows is proportional to the norm of the projetion of ~m(~r),
~mp(~r). The entral part of the vortex is learly identied as the region where ~mp(~r) = 0; the
diretion of magnetization in this region oinides with the vortex diretion, vˆ. Bottom : Loal
magnetization in the diretion normal the equatorial plane of the vortex shown on top, along a
diagonal of this last one. The vortex diretion is shown as the large bold arrow.
Figure 2 Magnetization urve in the diretion of the eld. R = 45 nm; K1 = 0.
Figure 3 Cylindrial omponents of the loal magnetization prole at remanene. aross the equatorial
plane of the sphere (z = 0). mv, solid line; mϕ dashed line; mρ dotted line. R = 45 nm, K1 = 0.
Figure 4 Components mv (triangles), mϕ (squares) and mρ (irles) of the loal magnetization prole in
the viinity of the oerive eld before (solid symbols) and after (open symbols) reversal of the
vortex ore. R = 45 nm, K1 = 0. d = ρ sign(y) where ρ is radius in the equatorial plane (z =0).
Figure 5 Magnetization urve parallel and normal to the eld . hˆex = aˆ (solid line) or vˆ (dashed line).
R = 45nm, K1 = 3.10
4J/m.
Figure 6 Components mv (solid line), mϕ (dashed line) and mρ (dotted line) of the loal magnetization
prole relative to the vortex ore aross the (x = 0) plane. R = 45 nm, K1 = 3 10
4 J/m3, Hex =
68 kA/m, aˆ = hˆex = zˆ and vˆ = xˆ . The vortex is shifted along the yˆ axis in the y > 0 diretion,
by an amount yc = 15.75 nm, leading to a non symmetri range of variation for d. The loation
of the vortex ore is indiated by the arrow.
Figure 7 Magnetization urve parallel and normal to the eld for K1 = 310
4J/m3 and dierent sizes.
Magnetization in the diretion of the eld and : R = 26 nm (solid); 30 nm (short dash); 37 nm
(long dash). Magnetization normal to the eld : R = 30 nm (dot short dash); 37 nm (dot long
dash). For R = 26 nm, the magnetization normal to the eld vanishes and the magnetization
reversal ours at a positive eld sine R = 26 nm enters in the range of partile sizes where the
vortex diretion is parallel to the easy axis, hosen as the diretion for the eld.
Figure 8 Variation of the interation energy for 2 spheres at r12 = 4R with the angular funtion d112
haraterizing the relative orientations, normalized by its maximum value, E(d112 = 2) − E(0).
R = 35 nm; K1 = 0.
Figure 9 Interation energy per unit volume between two approahing spheres. R = 35nm; K1 = 0;
d112 = −2. Open triangles: full alulation, from (12) (the thin line is a guide to the eye); solid
line: equ.(17); dashed line: simple dipolar approximation, u = 0.
Figure 10 Same as gure (9) for the interation normalized by the value at r12 = 2.25R. dotted lines: result
of equ.(17) with the values of α and u tted in order to improve the agreement with simulated
results. Open triangles : K1 = 0, d112 = -2, R = 35 nm; open squares : K1 = 3 10
4 J/m3, d112
= -2, R = 35 nm; solid triangles : K1 = 3 10
4 J/m3, d112 = -1, R = 45 nm; solid squares : K1 =
3 104 J/m3, d112 = -2, R = 45 nm. The dierent urves are shifted along the r12 axis for larity.
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